I. INTRODUCTION
Stochastic gene expression and regulation have been studied extensively during the last years and have recently been reviewed in detail. [1] [2] [3] With advanced single-cell fluorescence microscopy, it is now possible to quantify transcriptomes and proteomes, that is to measure messenger-RNA and protein copy abundances, with single-molecule sensitivity. 2 That ultimately allows to investigate functional roles for noise in genetic circuits. 1 Actually, real-time assay allows probing of low copy number proteins in single live cells. 4 We are interested in new noise-induced phenomena that can be observed at low levels of molecular ingredients. Especially it would be remarkable if they can lead to novel functions in gene regulatory networks.
Here we consider gene expression which is described by a stochastic model of gene-mRNA-protein interactions 5 and add noisy cellular environment. The origin of the noise can be, e.g., due to stochastic fluctuations in chromatin structure 7, 8 that was the subject of recent experimental study that showed that gene expression and promoter nucleosome configuration can be mechanistically coupled, relating promoter nucleosome dynamics and gene expression fluctuations. 9 Another source that contributes to this noise in gene activation could be fluctuations in DNA looping (see, e.g., Refs. 10, 11 and references therein).
We will show that the addition of fluctuations caused by intracellular processes can drastically change the behavior of the model at low levels of the biochemical reaction components. We find a striking phenomenon of asymmetry between production of even and odd number of copies, that is manifested in the oscillations of probability distributions.
II. LINEAR MODEL OF STOCHASTIC GENE EXPRESSION
Let us consider gene expression which is described by the following linear model of stochastic biochemical reactions taking place in cellular environment. 5 The gene operates in − n 1 ); gene inactivation: n 1 − → n 1 − 1 with reaction rate λ − 1 n 1 , where n 1 is the number of activated genes. 6 The transcription n 2 − → n 2 + 1 occurs with reaction rate λ 2 n 1 at the on state while at the off state transcription is blocked; mRNA degradation: n 2 − → n 2 − 1 with reaction rate n 2 /τ 2 , where n 2 is the number of mRNA molecules. The translation n 3 − → n 3 + 1 follows the number of mRNA's available with reaction rate λ 3 n 2 ; proteolysis: n 3 − → n 3 − 1 with reaction rate n 3 /τ 3 . Here n 3 stands for the number of proteins.
This set of reactions is governed by the master equation for the joint probability distribution function
Let us solve this master equation. Using the Poisson representation for the probability distribution function [12] [13] [14] [15] we express it via a quasiprobability function f(α 1 , α 2 , α 3 , t) as
and then derive the following set of equations for the α-variables (see the Appendix):
They are ordinary (deterministic) differential equations. Thus we get a product of δ-functions for the quasidistribution
) and then we obtain
where α i (t) (i = 1, 2, 3) are time-dependent solutions to the differential equations ( (1)- (3)).
For the steady state we get the probability distribution function that is a product of Poisson distributions
, where
Here we have defined the relaxation time parameter τ 1 ≡ (λ
Substituting these stationary values into the steady-state probability distribution function we obtain
which is the steady-state solution to the master equation of linear model of stochastic gene expression.
III. STOCHASTIC GENE EXPRESSION IN NOISY INTRACELLULAR ENVIRONMENT
In addition to the intrinsic Poisson noise induced by the set of reactions (see the Appendix) we now add an external noise to the gene activation-inactivation process n 1 − → n 1 ± 1 with the reaction rate σ ξ(t); ξ (t) being the δ-correlated noise with zero mean ξ (t) = 0 and unit variance ξ (t)ξ (t ) = δ(t − t ). Then Eq. (1) becomeṡ
This is a stochastic differential equation with an additive noise and therefore both Ito and Stratonovich interpretations 13 are equally valid. The Fokker-Planck equation for the α-variable
The steady-state solution of this equation is a Gaussian
with the mean value α 0 = λ
and variance σ √ τ 1 , where we defined τ 1 = (λ
Notice that we have the real-valued α 1 varying from −∞ to +∞.
Substituting the Gaussian distribution (6) into
and integrating over the α-variable we obtain the steady-state probability distribution function for n 1
where H n (x) is the Hermite polynomial. 16 Here we made use of the integral representation of the Hermite polynomial
2 . The polynomial can also be written as H n (x) = n! n/2 m=0
, where z is the floor function.
From the above probability distribution we get that the mean number of active genes isn 1 = α 0 and the variance is (n 1 −n 1 ) 2 = α 0 + σ 2 τ 1 . Therefore, the Fano factor defined as the ration of variance over the average is
which means that the distribution is always super-Poissonian (F > 1) and tends to become Poissonian when the mean number of copies is much larger than the noise intensity α 0 σ 2 τ 1 . We also point out that the expression for the probability distribution is valid for α 0 ≥ σ 2 τ 1 or equivalently for
that puts a limit to the noise level. In the case when n
, which corresponds to setups where there is a small number of copies n max 1 or strong intercellular noise intensity σ 2 , the argument of Hermite polynomial is zero. Then we get P (n 1 ) =
2 τ 1 for even and P(n 1 ) = 0 for odd values of n 1 . The probability distribution for the number of active genes in this limit case is plotted in Fig. 1 . We see an oscillating behavior of the distribution for 
for even values of n and H n (x) ≈ (2x) n for odd n. Using these asymptotic approximations for small values of |σ √ τ 1 ( α 0 σ 2 τ 1 − 1)| 1 and assuming everywhere that α 0 ≥ σ 2 we arrive at the following expressions for the probability distribution function:
for even n 1 -values and
for odd n 1 -values. In both cases we did not expand the last exponential factor as we are interested in n-dependence. For α 0 = σ 2 τ 1 the probability distribution for even numbers can be also written as P (n 1 ) =
(n 1 /2)! e −α 0 /2 that would be a Poisson distribution but only for even n 1 levels of active genes while P(n 1 ) = 0 for odd n 1 values.
Once again, it is clear now from the last expression that the probability of having odd number of particles decreases as α 0 → σ 2 τ 1 and becomes zero when α 0 = σ 2 τ 1 (Fig. 1) . In this limiting case there are only even numbers of active genes although the mean number of them is one α 0 = 1. This is an interesting situation when the most probable value is zero, the average is one, and the number of active genes can only be even. The phenomenon can be easily understood as there is a Gaussian intracellular noise within the Poisson process of the stochastic gene expression. When the Gaussian noise intensity equals to the mean number of particles then addition or subtraction of one particle n → n ± 1 governed by the Poisson process is accompanied by a similar process but now driven by the white noise ξ (t) thus making the particles to appear or disappear in pairs n → n ± 2. Meanwhile the number of particles cannot be odd because for the state with one particle there will not be a detailed balance.
In Fig. 2 we see oscillations in the probability distributions for higher levels of active genes or lower intracellular noise intensity. For α 0 > σ 2 τ 1 but still low levels of active genes α 0 even numbers are more probable than odd ones and n → n ± 2 transitions dominate although n → n ± 1 are already allowed. The range of the oscillating behavior can be found from the condition P(n 1 = 0) = P(n 1 = 1). That leads to
and therefore the range is within
where we used the definition of τ 1 = (λ
. When the number of molecules increases or alternatively the intracellular noise level decreases n → n ± 1 transitions begin to dominate and the probability distribution function becomes one-peaked (see Fig. 3 ), and eventually goes to the that follows from the asymptotic behavior of the probability distribution (7) (plotted in Fig. 4) .
Let us now turn to the steady-state statistics for mRNA n 2 and protein n 3 levels (abundances). The α 2 and α 3 variables follow the α 1 -variable in the steady state as α 2 = λ 2 τ 2 α 1 and α 3 = λ 2 τ 2 λ 3 τ 3 α 1 . Therefore, we obtain the following stationary distributions for mRNA molecule levels n 2 : and proteins abundances n 3
The above analysis for the active gene number probability distributions applies here with the following expressions for the ranges of oscillations. For mRNA levels we obtain
and for proteins we have
The oscillations regions obtained from the above expressions are illustrated in Figs. 5 and 6.
IV. RELATION TO EXPERIMENTS
Let us now use the formulas (9) and (10) in order to find out if the phenomenon of oscillations in probability distributions for the levels of mRNA or protein molecules can be observed in experiments. First we notice that λ 2 τ 2 and λ 3 τ 3 are typically larger than one and take the following values. [17] [18] [19] The rate of transcription λ 2 ranges within 2 × 10 −4 -2 × 10 −2 s −1 while mRNA lifetime is about 2-5 min for E. coli (100-300 s) and 10 min to 10 h (600-36 000 s) for Mammalian cells. 19 Typical values for λ 2 τ 2 in single cell experiments are 2-20. 17, 18 From the expression (9) it follows that the oscillation phenomenon can be observed at the active gene levels of n max 1 = 2-20 given that the intracellular noise intensity and gene inactivation time satisfy σ 2 τ 1 = 1. (10)) for the number of active genes that allow the oscillation phenomenon in protein expressions.
Here we neglect effects caused by nonlinearities present due to the regulation of gene expression via proteins produced in the biochemical cycle gene → mRNA → protein and then protein → gene → etc. There are also stochastic fluctuations in mRNA and protein expression present due to noise induced by the nonlinear interactions that we do not consider here. Besides, there would be measurement noise that could blur the effect of oscillations. In order to roughly estimate the influence of additional fluctuations we add independent noise sources to Eqs. (2) and (3)
with σ 2 i being noise intensity and ξ i (t) = 0 and ξ i (t)ξ i (t ) = δ(t − t ) (i = 2, 3). The above calculations and the phenomenon of oscillations stay valid with the only quantitative difference in the range of oscillations. Now for mRNA abundances we obtain 
Thus the additional noise only increases the number of activated genes necessary to get into the oscillation region.
V. CONCLUSION
We have considered stochastic gene expression in noisy intracellular environment and demonstrated that addition of fluctuations caused by intracellular processes drastically changes the behavior of the model at low levels of the biochemical reaction components. We have found a striking phenomenon of asymmetry between production of even and odd number of copies, that is manifested in the oscillations of probability distributions. The ranges of model parameters when the phenomenon appears have been calculated. We have given the estimates for single cell experiments that are rather promising.
A question arises if the even-odd asymmetry induced by the intracellular noise could play any functional role in the cell biology. First thing that comes to mind is that this mechanism could come in handy during the cell division making expressed molecules to be evenly distributed between daughter cells.
Further research is needed to find out the effect of nonlinear interactions in gene regulatory networks, [20] [21] [22] as well as the influence of non-Gaussian color noise 23 on the phenomenon of even-odd oscillations as the nonlinearity and an explicit account of the source of external fluctuations 24, 25 would modify the probability distributions obtained within the linear model of stochastic gene expression.
